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D ecoh eren ce by a spin therm al bath: R ole  o f th e  sp in-sp in  in teractions and in itial 
sta te  o f th e  bath
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We study the decoherence of two coupled spins that interact with a spin-bath environment. It 
is shown that the connectivity and the coupling strength between the spins in the environment 
are of crucial importance for the decoherence of the central system. For the anisotropic spin-bath, 
changing the connectivity or coupling strenghts changes the decoherence of the central system from 
Gaussian to exponential decay law. The initial state of the environment is shown to affect the 
decoherence process in a qualitatively significant manner.
P A C S  n u m b ers: 03 .67 .M n  0 5 .4 5 .P q  75.10 .N r
I. IN T R O D U C T IO N
U nderstanding the decoherence in quantum  spin sys­
tem s is a subject of num erous works (for reviews, see 
Refs 1,2). The issue seems to  be very com plicated and 
despite m any efforts, even some basic questions about 
character of the decoherence process are unsolved yet. 
Due to  the interactions w ith and between the spin of 
the bath , an analytical trea tm en t can be carried out in 
exceptional cases, even if the central system s contains 
one spin only. Recent work suggests th a t the  internal 
dynam ics of the environm ent can be crucial to  the de­
coherence of the central system3,4’5’6’7’8’9’10’11’12’13,14’15. 
In th is paper, we present results of extensive sim ulation 
work of a two-spin system  in teracting  w ith a spin-bath  
environm ent and show th a t the decoherence of the two- 
spin system  can exhibit different behavior, depending on 
the characteristics of the  coupling w ith the environm ent, 
the in ternal dynam ics and the initial s ta te  of the la tter. 
We also provide a simple physical p icture to  understand  
th is behavior.
In general, the behavior of an open quantum  system  
crucially depends on the ra tio  of typical energy differ­
ences of the  central system  5E c and the energy E ce which 
characterizes the  in teraction  of the central system  w ith 
the environm ent. The case 5Ec ^  E ce has been stu d ­
ied extensively in relation to  the “Schrodinger ca t” prob­
lem and the physics is quite clear 16’17: As a result of 
tim e evolution, the  central system  passes to  one of the 
“pointer sta tes” 17 which, in th is case, are the  eigenstates 
of the in teraction H am iltonian H ce. The opposite case, 
5Ec ^  E ce is less well understood. There is a conjecture 
th a t in this case the pointer sta tes should be eigenstates 
of the  H am iltonian H c of the central system  bu t this 
has been proven for a very simple model only 18. O n the 
other hand, this case is of p rim ary  in terest if, say, the 
central system  consists of electron spins whereas the  en­
vironm ent are nuclear spins, for instance if one considers 
the possibility of quantum  com putation  using molecular 
m agnets19’20.
II. M O D E L
We consider a generic quan tum  spin model described 
by the H am iltonian H  =  H c +  H ce +  H e where H c =  
- J  S 1 • S 2 is the  H am iltonian of the central system  and 
the H am iltonians of the environm ent and the interaction  
of the central system  w ith the environm ent are given by
N-1 N
He =  - E E  E « 5 ’
i=1 j=i+1 a 
2 N
Hce =  - E E  (1)
i=1j=1 a
respectively. The exchange integrals J  and  Q j  de­
term ine the streng th  of the in teraction  between spins 
Sn =  (S n ,S n ,S n ) of the central system, and  the spins 
=  (I"n,1"n, 1«) in the  environm ent, respectively. The 
exchange integrals A j  control the in teraction  of the cen­
tra l system  w ith its environm ent. In Eq. (1), the  sum  
over a  runs over the  x, y  and z com ponents of spin- 
1 /2  operators S and I. In the sequel, we will use the 
term  “Heisenberg-like” H e (H ce) to  indicate th a t each 
Q j  ( A j ) is a uniform  random  num ber in the  range 
[—Q|, Q] ( [ -A , A]), Q and A  being free param eters. In 
earlier work 14’15, we found th a t a Heisenberg-like He can 
induce close to  perfect decoherence of the  central system  
and therefore, we will focus on th is case only.
The b a th  is further characterized by the num ber of en­
vironm ent spins K  w ith which a spin in the environm ent 
in teracts. If K  =  0, each spin in the  environm ent in­
terac ts w ith the central system  only. K  =  2, K  =  4 or 
K  =  6 correspond to  environm ents in which the spins are 
placed on a ring, square or triangu lar lattice, respectively 
and in teract w ith nearest-neighbors only. If K  =  N  -  1, 
each spin in the environm ent in teracts w ith all the  other 
spins in the environm ent and, to  give th is case a name, 
we will refer to  th is case as “spin glass” .
If the H am iltonian of the  central system  Hc is a pertur-
2bation  relative to  the in teraction  H am iltonian H ce, the 
pointer sta tes are eigenstates of H ce 17. In the opposite 
case, th a t is the regime |A | ^  | J |  th a t we explore in this 
paper, the pointer sta tes are conjectured to  be eigenstates 
of H c18. The la tte r axe given by |1) =  |Ti) =  | t t ) ,  |2) =
|5 ')  =  ( I t ! )  -  \ U ) ) / V 2 ,  |3 )  =  I T o )  =  ( I t ! )  +  I ! t ) ) / ^ 2 ,  
and |4) =  |T—1) =  |! ! ) ,  satisfying H c|S) =  (3 J /4 ) |S ) 
and H c|Tj) =  ( - J /4 ) |T )  for i =  - 1 ,  0,1.
The sim ulation procedure is as follows. We generate 
a random  superposition |^) of all the basis sta tes of the 
environm ent. This s ta te  corresponds to  the equilibrium  
density  m atrix  of the  environm ent a t infinite tem pera­
ture. A lternatively, to  study  the effect of the  therm al 
s ta te  of the environm ent on the decoherence processes, 
we take the 2 s ta te  of the environm ent to  be its ground 
s ta te . The spin-up -  spin-down sta te  ( |t ! ) )  is taken  as 
the initial s ta te  of the  central system . Thus, the initial 
s ta te  of the whole system  reads |^ ( t  =  0)) =  |t ! )  |^) and 
is a p roduct s ta te  of the  s ta te  of the central system  and 
the initial s ta te  of the environm ent which, in general is 
a (very com plicated) linear com bination of the  2N basis 
sta tes of the  environm ent. In our sim ulations we take 
N  =  16 which, from earlier work 14’15, is sufficiently large 
for the environm ent to  behave as a “large” system.
For a given, fixed set of model param eters, the tim e 
evolution of the whole system  is obtained by solving the 
tim e-dependent Schrodinger equation for the m any-body 
wave function |^ ( t) ) ,  describing the central system  plus 
the environm ent 21. I t conserves the energy of the  whole 
system  to  m achine precision. We m onitor the effects of 
the  decoherence by com puting the the m atrix  elements 
of the reduced density m atrix  p (t) of the central system.
As explained earlier, in the regime of in terest |A | ^
| J | ,  the  pointer sta tes are expected to  be the  eigenstates 
of the central systems. Hence we com pute the m atrix  el­
em ents of the density  m atrix  in the basis of eigenvectors 
of the  central system. We also com pute the tim e depen­
dence of quadratic  entropy S c (t) =  1 -  T rp 2 (t) and the 
Loschm idt echo L (t) =  T r  (p (t) p0 ( t))22, where p0 (t) is 
the density m atrix  for H ce =  0.
FIG. 1: (Color online) The time evolution of the real part of 
the off-diagonal element p23 (left panel) and the diagonal ele­
ments p 11, . . .  , p44 (right panel) of the reduced density matrix 
of a central system (with J  =  -5 ) , coupled via an isotropic 
Heisenberg interaction H ce (A =  -0.075 ) to a Heisenberg- 
like environment H e (fi =  0.15) with different connectivity: 
(a) K  =  0; (b) K  =  2; (c) K  =  4; (d) K  =  6; (e) K  =  N  -  1.
III. IS O T R O P IC  C O U P L IN G  TO  T H E  B A T H
If the in teraction between the central system  and en­
vironm ent is isotropic we have [Hc, H ce] =  0. Then, as 
shown in the Appendix, the expressions of the reduced 
density  m atrix  p (t) and the Loschm idt echo L (t) sim­
plify. Indeed, if A i j  =  A j  =  A i j  =  A  for all i , j ,  
then
N
Hce =  -A (S 1  +  S2) • E I j  (2)
j=1
com m utes w ith Hc and it follows th a t the  decoherence 
process of the central system  is determ ined by H ce, H e, 
the  initial s ta te  of whole system  |^ ( t 0)), and the eigen­
sta tes of the  central system  (see Eq. (15) and (16) in
the Appendix). In o ther words, in th is case, L (t) and 
| p (t) | do not dependent on the J ,  the  in teraction be­
tween the  spins in the  central system . Furtherm ore, if 
we take the  in teractions between the environm ent spins 
to  be isotropic, th a t is, Q i j  =  Q j  =  Q j  =  Qi,j for all 
i, j , then
N-1  N
He =  -  E E Q ijI i   ^ I j  (3)
i=1 j=i+1
com m utes w ith H ce, and therefore H e has no effect on 
the decoherence process (see Eq. (18) in the Appendix).
In Fig. 1 and Fig. 2, we show the tim e evolution of the 
elements of the reduced density  m atrix  p (t) for different 
connectivity K  and Q, for the  case th a t H ce is an isotropic 
Heisenberg model, i.e., A j  =  A j  =  A ^  =  A  for all
i, j .
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FIG. 2: (Color online) The time evolution of the off-diagonal element p23 of the reduced density matrix of a central system (with 
J  =  -5 ) , interacting with a Heisenberg-like environment H e via an isotropic Heisenberg Hamiltonian H ce (with A =  -0.075 ) 
for the same geometric structures in the environment: (a,b) K  =  2 and (c,d) K  =  N  — 1. The number next to each curve is 
the corresponding value of fi.
If |A | \/KCl, in agreem ent w ith earlier work23,24, 
we find th a t in the  absence of interactions between the 
environm ent spins (\/K C l =  0) and after the  initial de­
cay, the  central system  exhibits long-tim e oscillations (see 
Fig. 1(a)(left)). In th is case and in the lim it of a large 
environm ent, we have24
Re p23 (t)
1 1 -  bt-
6 +  3
cos wt, (4)
where b =  N A 2/4 , c =  b/2 and w =  J  -  A. E qua­
tion  (4) clearly shows the tw o-step process, th a t is, after 
the initial G aussian decay of the am plitude of the oscil­
lations, the  oscillations revive and their am plitude levels 
of24. Due to  conservation laws, this behavior does not 
change if the environm ent consists of an isotropic Heisen­
berg system  ( Q j  =  Q for all a , i and j ) ,  independent of
K . If, as in Ref.23, we take A j  =  A j  =  A i j  G [0, A] 
random  instead of the  identical, the  am plitude of the 
long-living oscillations is no longer constant bu t decays 
very slowly23 (results no t shown).
If |A | «  \/KCl, the  presence of Heisenberg-like in ter­
actions between the spins of the  environm ent has little 
effect on the initial G aussian decay of the central sys­
tem , b u t it leads to  a reduction and to  a decay of the 
am plitude of the long-living oscillations. The larger K  
(see Fig. 1(b-e)(left)) or Q (see Fig. 2 (a,c)), the  faster 
the decay is. Note th a t for the  sake of clarity, we have 
suppressed the  fast oscillations by plo tting  instead of the
real part, the  absolute value of the m atrix  elements.
If |A | <C \/K C l, keeping K  fixed and increasing Cl 
sm oothly changes the  initial decay from G aussian (fast) 
to  exponential (slow), and the long-living oscillations are 
com pletely suppressed (see Fig. 2 (b,d)). For large Q, the 
sim ulation d a ta  fits very well to
(5)
w ith (Q) «  QAK , ^42 =  9.13 and AN -1 =  26.73. 
Note th a t, in principle, a closed quantum  system  cannot 
exhibit exponential decay25. The fact th a t we observe a 
decay th a t is well described by a single exponential m ay 
be the result of tracing out the  degrees of freedom of 
an environm ent which initially is in a s ta te  of random  
superposition of the basis states.
Physically, the observed behavior can be understood as 
follows. If | A | «  \/K C l, a b a th  spin is affected by roughly 
the same am ount by the m otion of bo th  the o ther b a th  
spins and by the two central spins. Therefore, each b a th  
spin has enough freedom to  follow the original dynamics, 
much as if there were no coupling between b a th  spins. 
This explains why the initial G aussian decay is insensitive 
to  the values of K  or Q. After the  initial decay, the 
whole system  is expected to  reach an sta tionary  sta te , bu t 
because of the presence of Heisenberg-like interactions 
between the  b a th  spins, a new sta tio n ary  s ta te  of the  b a th  
is established, suppressing the long-living oscillations.
For increasing K , the distance between two b a th  spins,
2— cte
4FIG. 3: (Color online) Same as Fig. 2 except that H ce is Heisenberg-like and A =  0.15.
defined as the  m inim um  num ber of bonds connecting the 
two spins, becomes smaller. For instance, for K  =  2, 
th is distance is (N  -  2) /2 , and for K  =  N  -  1, it is zero. 
Therefore, for fixed Q and increasing K  the fluctuations 
in the spin b a th  can propagate faster and the evolution to  
the sta tio n ary  s ta te  will be faster. Similarly, for fixed K , 
increasing the coupling streng th  between the b a th  spins 
will speed up the dynam ics of the  bath , th a t is, the  larger 
il the  faster will be the evolution to  the s ta tionary  state.
In the opposite case |A | <C \fKCl, H ce is a small per­
tu rb a tio n  relative to  He and the coupling between b a th  
spins is the dom inant factor in determ ining the dynam ics 
of the  b a th  spins. Therefore, by increasing K  or Q, the 
b a th  spin will have less freedom to  follow the dynam ics 
induced by the coupling to  the two central spins, the in­
fluence of the b a th  on the central system  will decrease, 
and the (exponential) decay will become slower.
According to  the  general picture of decoherence17, for 
an environm ent w ith nontrivial in ternal dynam ics th a t 
initially  is in a random  superposition of all its eigen­
states, we expect th a t the central system  will evolve to  
a stable m ixture of its eigenstates. In o ther words, the 
decoherence will cause all the  off-diagonal elem ents of 
the reduced density m atrix  to  vanish w ith time. In the 
case of an isotropic Heisenberg coupling between the cen­
tra l system  and the environm ent, Hc com m utes w ith the 
H am iltonian H , hence the  energy of the  central system  is 
a conserved quantity. Therefore, the  weight of the singlet 
|S) in the mixed sta te  should be a constant (1 /2), and 
the weights of the  degenerate eigenstates |T0), |T- 1 ) and 
|T1) are expected to  become the same (1/6). As shown 
in Fig. 1(b-e)(right), our sim ulations confirm th a t this
picture is correct in all respects.
IV . A N IS O T R O P IC  C O U P L IN G  TO  T H E  B A TH
In order to  clarify the role of K  and Q, we change the 
coupling between the central system  and the b a th  from 
Heisenberg to  Heisenberg-like. From  a com parison of the 
d a ta  in Fig. 2 and Fig. 3, it is clear th a t the  roles of K  
and Q are the same in b o th  cases, no m atte r w hether the 
coupling to  the b a th  is isotropic or anisotropic. How­
ever, there  are some differences in the decoherence pro­
cess. The m ost im portan t param eter determ ining the 
decoherence process is the ra tio  of the  typical interaction  
energy A  to  the  m ean-square energy of interactions in 
the the therm al bath , \fKCl.
If |A | >  V k q , in the  presence of anisotropic in ter­
actions between the central system  and the environm ent 
spins, even in the  absence of interactions between the 
b a th  spins, the second step  of the oscillations decays and 
finally disappear as K  increases. This is because the 
anisotropic interactions break the ro tational sym m etry 
of the coupling between central system  and environm ent 
which is required for the  long-living oscillations to  per­
sist.
If |A | <C \ /K Q ,  |/c>23 ( i) | can still be described by 
Eq. (5), bu t now (Q) is no longer a linear function of 
Q. For anisotropic H ce, the  energy of the central system  
is no longer a conserved quantity. Therefore there will 
be energy transfer between the central system  and the 
environm ent and the weight of each pointer sta te  (eigen­
sta te) in the  final stable m ixture need not be the same
5t t t t
FIG. 4: (Color online) The time evolution of the the entropy 
Sc (t) and Loschmidt echo L (t) of a central system (with 
J  =  —5), interacting with a Heisenberg-like environment H e 
(with different fi) via a Heisenberg (a,b, A =  —0.075) or 
Heisenberg-like (c,d, A =  0.15) Hamiltonian H ce for the case 
K  =  2. The number next to each curve is the corresponding 
value of fi.
for all K  or Q.
For a change, we illustrate  th is point by considering 
the quadratic  entropy Sc (t) and Loschm idt echo L (t). 
We expect th a t these quantities will also dependent of 
the sym m etry of the  coupling between central system  
and the spin bath . In Fig. 4, we present results for 
large Q and  K  =  2, confirming th is expectation. For 
isotropic (Heisenberg) H ce and perfect decoherence (zero 
off-diagonal term s in the reduced density  m atrix) we ex­
pect th a t  m axt Sc(t) =  1 -  [(1/2)2 +  3 x (1 /6 )2] =  2/3 , in 
concert w ith the d a ta  of Fig. 4 (a)). For Heisenberg-like 
H ce, m axt S c(t) will depend on the coupling strengths 
and as shown in Fig. 4 (c), we find th a t m axt S c(t) =  
1 -  4 x (1 /4 )2 =  3 /4 , corresponding to  the case th a t all 
the  diagonal elem ents in the  reduced density  m atrix  are 
the same (1/4) and all o ther elem ents are zero.
V . D IS C U S S IO N  A N D  C O N C L U SIO N S
In the foregoing, we have com pared \ f K i l  to  |A | to  
distinguish different regimes. As a m a tte r of fact, \fKCl 
does not com pletely characterize the  decoherence pro­
cess, bu t it can be used to  characterize its tim e scale. In­
deed, as shown in Fig. 5, for different \ f K  and Q bu t the 
same value of the the tim e evolution of L (i)  is very
similar. Note th a t if increases (compare Fig. 5a to
Fig. 5d), the differences between the Loschm idt echoes 
increase. A dditional sim ulations (results not shown) in­
dicate th a t th is differences are fluctuations th a t are due 
to  the particu lar realization random  param eters used in 
the  sim ulation.
In conclusion, for a sp in-bath  environm ent th a t ini-
FIG. 5: (Color online) The time evolution of the Loschmidt 
echo L (t) of a central system (with J  =  -5 ) , interact­
ing with a Heisenberg-like environment H e via a Heisenberg 
(A =  -0.075) Hamiltonian H ce. In each panel, the val­
ues of \/K Q  are the same: (a) \/~KQ, =  0.1\/./V — 1, (b) 
\/K Q  = 0.15\/N  — 1, (c) \/K Q  = 0.'25\/N — 1, and (d) 
\/~KQ, =  \ /N  — 1. The different lines in each pannel corre­
spond to different K. Solid (black) line: K  =  2; Dashed (red) 
line: K  =  4; Dotted (green) line: K  =  6, and dash-dotted 
(blue) line: K  =  N  — 1.
tia lly  is in a random  superposition of its basis states, we 
have shown how a pure quantum  sta te  of the  central spin 
system  evolves into a mixed sta te , and th a t if the in terac­
tion  between the central system  and environm ent is much 
smaller th a n  the coupling between the spins in the cen­
tra l system , the pointer sta tes are the eigenstates of the 
central system . B oth  these observations are in concert 
w ith the general picture of decoherence17. Furtherm ore, 
we have dem onstrated  th a t, in the case th a t the environ­
m ent is a spin system, the details of th is spin system  are 
im portan t for the  decoherence of the central system . In 
particu lar, we have shown th a t for the anisotropic spin- 
bath , changing the in ternal dynam ics of the  environm ent 
(geometric s truc tu re  or exchange couplings) m ay change 
the decoherence of the central spin system  from G aussian 
to  exponential decay.
Finally, we would like to  com pare the present results 
w ith those of our earlier work in which we focussed on the 
case in which the environm ent is initially in its ground 
s ta te  and dem onstrated  th a t, ap art from the streng th  
of different interactions, also their sym m etry and the 
am ount of entanglem ent of the  ground sta te  of the cen­
tra l system  affects the decoherence 14’15. To facilitate the 
com parison, in Fig. 6 we present some new d a ta  of the 
Loschm idt echoes for different K  bu t for fixed \fKCl. 
Com parison of Fig. 5 w ith Fig. 6 indicates th a t if the 
environm ent is initially  in its ground sta te , the decoher­
ence process is qualitatively  different from the one ob­
served in the case th a t the  initial s ta te  of the environ­
m ent is a random  superposition. Roughly speaking, it
6t
FIG. 6: (Color online) The time evolution of the Loschmidt 
echo L (t) of a central system (with J  =  -5 ) , interacting 
with a Heisenberg-like environment H e via a Heisenberg (A =  
-0.075) Hamiltonian H ce. The environment spins are initially 
prepared in the ground state. The different curves correspond 
to different K , but = 0.15\/N  — 1 is fixed. Solid (black)
line: K  =  2; Dashed (red) line: K  =  4; Dotted (green) line: 
K  =  6, and dash-dotted (blue) line: K  =  N  — 1.
is more difficult for the central system  to  change from 
a pure quantum  s ta te  to  a classical, mixed sta te , which 
is of course consistent w ith the  fact th a t the  quantum  
effects become more prom inent as the  tem pera tu re  de­
creases. In particu lar, from Fig. 6 it is clear th a t \/K Q  
is not enough to  characterize the  qualitative behavior of 
the  Loschm idt echo for the cases shown.
The difference between the cases of an environm ent at 
low -tem perature14,15 and a h igh-tem perature (chaotic) 
environm ent considered in the  present paper is m ost im­
p o rtan t for the system s w ith very large connectivity. In 
the la tte r case, the  ground sta te  of the environm ent is 
a quan tum  spin-glass which is a very effective source 
of decoherence 14’15. At the  same tim e, for the case of 
infinite tem pera tu re  of the  b a th  considered in th is pa­
per, th is case is no t very special when com pared to  the 
case of short-range in teractions w ithin the environm ent 
(see Fig. 5 ). I t would be of in terest to  see if, as the 
tem pera tu re  decreases, the decoherence process changes 
as the  environm ent goes into the spin-glass sta te  (at 
T  oc \/K Q ),  a problem  th a t we leave for future research.
V I. A P P E N D IX
Consider a generic quantum  model described by the 
H am iltonian H  =  H c +  H ce +  H e, where H c and  H e 
describe the central system  and the  b a th  respectively 
([Hc,H e] =  0), and H ce describes the  coupling between 
them . If [Hc, H ce] =  0, then  the tim e evolution operator
of the whole system  e can be represented as
e— =  e— te- i (Hoe+ He)i (6)
Denote the  eigenstates and corresponding eigenvalues of 
the central system  by {|k)} and {E k}, th a t is, H c |k) =  
E k |k). The initial s ta te  ( |^ ( t0))) of the central system  
can be represented as |^ ( t0)) =  ^ k a k |k). For an iso­
la ted  central system  (H ce =  0), the tim e evolution of the 
density  m atrix  of the central system  is given by
P0 (t) =  E  e -i(E k-E i)i«ka; |k)(1| . (7)
k , l
If the central system  is coupled to  the b a th  ( |^  (t0))), the 
initial s ta te  of the  whole system  can be represent as
|^ (t0)) =  E  a k |k) ^  ( t0)) , (8) 
k
and the s ta te  a t la ter tim e t  is 
|* ( t ) »  =  e -iH t |* ( t 0)>
=  E  e-iE k ia ke -i(Hce+He)i |k) |^  ( t0)) . (9) 
k
As [Hc, Hce] =  0, we have Hce |k) |^  ( t0)) =  
|k) M k |^  (t0)), therefore
e-i(Hce+ He)t |k) |^  (t0)) 
m!m
=  ^ | t )
m!m
=  |k) e -i(Mk+He)i |^  (t0))
=  |* ) |&  ( t ) ) , (10)
where we introduced
|^k ( t ) ) =  e-i(Mk +He)4 |^  (t0)) . (11)
Hence, the s ta te  a t tim e t  becomes
|* ( t) )  =  E  ake-iE k4 |k ) |^ k  (t)) . (12) 
k
The density  m atrix  p (t) of the whole system  is
p (t) =  |* ( t ) ) ( * ( t ) |
=  E  e-i(Ek-El)4aka ; |k) |^ fc (t))(1 | (¿i ( t ) | , 
k l
(13)
and the reduced density m atrix  pc (t) of the central sys­
tem  is
Pc (t) =  T reP  (t)
=  E  e -i(E k-E l)taka; (¿i (t) | ^  (t)) |k)(1| . 
k l
(14)
7The Loschm idt echo L (t) of the  central system  can be 
calculated as
L (t) =  T r  (Pc (t) P0 (t))
=  T r [ E  e-i(E k-E i)iaka ; (¿i (t) ^  (t)) |k) (1|
k,l
x e -i(E m -E n)tama^ |m) (n| ]
m,n
=  T r[ E  e-i(E k-E n)tak |a i |2 a^
k,l,n
x ^ i (t) ^ k  ( t))i |k) (n| ]
=  E  |a k 12 |a l |2 ^ l  (t) |¿k (t)) . (15) 
k,l
It is clear th a t  if [Hc, H ce] =  0, the decoherence process 
is determ ined by the initial s ta te  of the central system  
{ak} and  the tim e evolution of the  ^ ¿ k (t))}. As shown 
in Eq. (11), the ^ ¿ k (t))} are determ ined by the initial 
s ta te  of the b a th  ( ^  (t0))), the  eigenstates {|k)} of the 
central system , and the H am iltonian H ce and H e. The 
eigenvalues { E k} have no effect of the  decoherence pro­
cess. Thus, m ultiplying H c by a constant does not change 
the L (t) and the diagonal elements of the  reduced den-
sity  m atrix  pc (t). The tim e evolution of the  absolute 
value of the off-diagonal elements
|Pc ( t)kl1 =  |a k«? | (^  (t) ^ k  (t)) , (16)
is independent of H c.
Finally, we consider the case th a t not only [Hc, H ce] =  
0 b u t also [Hce, H e] =  0. Then, Eq. (11) becomes
l^k (t)) =  e-i(Mk+He)i |^  (to)) =  e -iM kte-iHet |^  (to)) ,
(17)
therefore we have
(& (t) l^k (t)) =  (^ (to)| eiHeteiMlte -iM kte-iHet |^  (to)) 
=  (^ (to)| e-i(M k-M l)t ^  ( to ) ) , (18)
implying th a t |pc ( t)kl | and  L (t) do not dependent on H e.
A cknow ledgem ent
M.I.K. acknowledges a support by the Stichting Fun­
dam enteel O nderzoek der M aterie (FOM ).
1 N.V. Prokof’ev and P.C.E. Stamp, Rep. Prog. Phys. 63, 
669 (2000).
2 W. Zhang, N. Konstantinidis, K. A. Al-Hassanieh, and V. 
V. Dobrovitski, J. Phys.: Cond. M atter 19, 083202 (2007).
3 C. M. Dawson, A. P. Hines, R. H. McKenzie, and G. J. 
Milburn, Phys. Rev A 71, 052321 (2005).
4 D. Rossini, T. Calarco, V. Giovannetti, S. Montangero, 
and R. Fazio, Phys. Rev. A 75, 032333 (2007).
5 L. Tessieri and J. Wilkie, J. Phys. A: Math. Gen. 36, 12305
(2003).
6 S. Camalet and R. Chitra, Phys. Rev. B 75, 094434 (2007).
7 X.Z. Yuan, H-S Goan, and K.D. Zhu, Phys. Rev. B 75, 
045331 (2007).
8 X.Z. Yuan and K.D. Zhu, Europhys. Lett. 69, 868 (2005).
9 J. van Wezel, J. van den Brink, and J. Zaanen, Phys. Rev. 
Lett. 94, 230401 (2005).
10 D. D. Bhaktavatsala Rao, V. Ravishankar, and V. Subrah- 
manyam, Phys. Rev. A 75, 052338 (2007).
11 J. Lages, V. V. Dobrovitski, M. I. Katsnelson, H. A. De 
Raedt, and B. N. Harmon, Phys. Rev. E 72, 026225 (2005).
12 A. Relano, J. Dukelsky, and R.A. Molina, arXiv:0709.1383
13 W. Zhang, V. V. Dobrovitski, K. A. Al-Hassanieh, E. 
Dagotto, and B. N. Harmon, Phys. Rev. B 74, 205313 
(2006).
14 S. Yuan, M.I. Katsnelson, and H. De Raedt, JETP Lett. 
84, 99 (2006).
15 S. Yuan, M.I. Katsnelson, and H. De Raedt, Phys. Rev. A 
75, 052109 (2007).
16 D. Giulini, E. Joos, C. Kiefer, J. Kupsch, I.-O. Stamatescu, 
and H.D. Zeh, Decoherence and the Appearance of a Clas­
sical World in Quantum Theory (Springer, Berlin, 1996).
17 W.H. Zurek, Rev. Mod. Phys. 75, 715 (2003).
18 J.P. Paz and W.H. Zurek, Phys. Rev. Lett. 82, 5181 (1999).
19 V.V. Dobrovitski, M.I. Katsnelson, and B.N. Harmon, 
Phys. Rev. Lett. 84, 3458 (2000).
20 M.N. Leuenberger and D. Loss, Nature 410, 789 (2001).
21 V.V. Dobrovitski and H.A. De Raedt, Phys. Rev. E 67, 
056702 (2003).
22 F. M. Cucchietti, D. A. R. Dalvit, J. P. Paz, and W. H. 
Zurek. Phys. Rev. Lett. 91, 210403 (2003).
23 V. V. Dobrovitski, H. A. De Raedt, M. I. Katsnelson, and 
B. N. Harmon, Phys. Rev. Lett. 90, 210401 (2003).
24 A. Melikidze, V. V. Dobrovitski, H. A. De Raedt, M. I. 
Katsnelson, and B. N. Harmon, Phys. Rev. B 70, 014435 
(2004).
25 L.E. Ballentine, Quantum Mechanics: A Modern Develop­
ment, World Scientific, Singapore, 2003.
